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5— ( , Abstract. Helical symmetry is invariance under a one-dimensional group of 

♦"(■ rigid motions generated by a simultaneous rotation around a fixed axis and trans- 

■^^ ' lation along the same axis. The key parameter in helical symmetry is the step or 

pitch, the magnitude of the translation after rotating one full turn around the sym- 
metry axis. In this article we study the limits of three-dimensional helical viscous 
and inviscid incompressible flows in an infinite circular pipe, with respectively 

Ph ' no-slip and no-penetration boundary conditions, as the step approaches infinity. 

■^T ' We show that, as the step becomes large, the three-dimensional helical flow ap- 

proaches a planar flow, which is governed by the so-called two-and-half Navier- 
Stokes and Euler equations, respectively. 
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'sf , 1. INTRODUCTION 

o 

en ' The helical groups are a family of one-dimensional subgroups of the rigid mo- 

tions of three-dimensional Euclidean space consisting of simultaneous rotation 
around an axis and translation along the same axis, for which the ratio of angu- 

K/i • lar rotation to translation is kept fixed. Each helical group is characterized by a 

^ , parameter u S M \ {0}, which we call the step or pitch, defined as the transla- 

tion displacement along the symmetry axis after one full clockwise turn around the 
axis. The incompressible Navier-Stokes and Euler equations are covariant under 
the action of the helical group. Helically-symmetric or, simply, "helical" flows 
represent a physically interesting class of fluid motions, which interpolate between 
two-dimensional flows and axisymmetric flows, see for instance 13. Indeed, the 
helical groups he between rigid translations in one direction, associated with 2D 
flows, and rotation around a fixed axis, associated with axisymmetric flows. These 
regimes correspond to formally taking the limits cr — )■ oo and a — > 0, respectively. 
The main goal of this work is to examine the precise nature of the limit o" — )• oo for 
helical flows, in the case of viscous and inviscid incompressible flows in a circular 
pipe satisfying, respectively, no-slip and no-penetration boundary conditions. The 
limit o" — )■ is more technical and, in some sense, less interesting, as we expect 
that helical flows will converge in the hmit to axisymmetric, planar flows, a trivial 
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special case of axisymmetric flows. In fact, periodicity in this case implies asymp- 
totically high-frequency oscillations, with weak averaging in the vertical direction. 
The analysis of the limit a — )• is closely related to that in some of the thin do- 
main literature, particularly the special case refeiTcd to as PD, or periodic Dirichlet 
(see m for more details.) We resei^ve to study the limit o" — )• in future work. 

We begin by recalling the known mathematical results concerning helical flows. 
As it is the case of two-dimensional flows and axisymmetric flows in cylindrical 
domains bounded away from the axis of symmetry, viscous incompressible helical 
flows are globally well posed. This result was proved by A. Mahalov, E. Titi and S. 
Leibovich in |[T2l . In fact, for the case of a circular pipe they established both global 
existence of a weak helical solution with initial data in L^, and global existence 
and uniqueness of a strong solution with initial data in the Sobolev space H^. (For 
a discussion about uniqueness of weak solutions, , within the class of all Leray- 
Hopf weak solutions of the three-dimensional Navier-Stokes with helical initial 
data, see HI.) The situation is different, and rather interesting, in the case of ideal 
fluid governed by the Euler equations, see ||5l|6l. As a matter of fact, an additional 
geometric condition is imposed on inviscid flows, akin to assuming no swirl in the 
axisymmetric setting, which we call no helical swirl or no helical stretching. Under 
this condition, B. Ettinger and E. Titi [16] showed global existence and uniqueness 
of weak solutions in an appropriate vorticity-stream function formulation. This 
formulation can be used, because, even for finite a, the flow is essentially two- 
dimensional, in the sense that it is completely determined by the dynamics of the 
first two components of the velocity field restricted to any cross section of the pipe. 

The main result of this work is a convergence result of helical flows to certain 
flows, the dynamics of which is two dimensional. For this reason, we will call 
such limits planar flows, even though the velocity field can still have three non- 
zero components. More precisely, we show that, in the limit a — )■ oo, hehcal flows 
converge, respectively, to so-called 2 and 1/2 dimensional flows in the viscous 
case, and to 2D Euler flows in the inviscid case. These results are established by 
first obtaining a set of symmetry-reduced equations equivalent to the original fluid 
equations, at least for regular flows. The unknowns in these equations are fields 
on a cross section of the pipe and, hence, depend on two spatial variables only. 
Convergence is then investigated via energy methods and compactness arguments. 
For the Navier-Stokes equations, energy estimates are sufficient to pass to the Umit 
and give us a rate of convergence of order 1/y/a in the energy norm. 

One special difficulty in the viscous case is the way in which the divergence-free 
condition and the symmetry reduction interact when we vary a. To be more precise, 
the symmetry reduction amounts to the fact that a helical vector field is entirely 
detemiined by its trace on a horizontal slice, say D = {x\ + x^ < 1, X3 = 0}, the 
trace being a three-component vector field in the plane. For a given a > all three- 
component fields in D may be extended in a unique way to helical vector fields in 
D X (0, a). However, the resulting extension will not be divergence-free unless the 
original field in the slice satisfies a certain (T-dependent condition. In other words, 
after symmetry reduction, problems with different a reside in different function 
spaces, even if their physical domain D is the same. This difficulty is bypassed 
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in the inviscid case with the use of a stream function, under the "no helical swirl" 
condition. 

The remainder of this article is divided into four sections. In Section |2l we fix 
notation and derive an equivalent formulation of helical symmetry for functions 
and vector fields. In Section [3l we perform the symmetry reduction on the Navier- 
Stokes equations. In Section |4] we study the limit u — >■ oo for the viscous case, 
while in Section[5]we discuss the case of the Euler equations. 

2. Preliminaries and symmetry reduction 

We begin by recalling some standard notation for function spaces that will ap- 
pear throughout the paper. If fi is a domain in U.'^, we denote by H^{^), A; G N, 
the standard L^-based Sobolev spaces: 

H^{n) = {f -.n^R; f,d"f e L'^in), \a\ < k}, 

where we employed the usual multiindex notation for derivatives, which are inter- 
preted in the weak sense, while W'''P{Q) denotes L^ -based Sobolev spaces. By 
abuse of notation, if u : 17 — )• M'^ is a vector field, we will often write u S H^{Q) 
for u G {H'^{Q))'^, and we will drop the explicit dependence on the domain Q 
when no confusion can arise. Hq{^) will denote the subspace of H^{Q) of func- 
tions with zero trace at the boundary d^. If is an unbounded domain, Lj^^(O) 
is the space of functions with p-th integrable power on each bounded open subset 
of Q. Lastly, we denote Holder spaces by C"(0), a € M+. Later in the paper, we 
will introduce other spaces adapted to the symmetry and geometry of the problem. 
Throughout, (, ) will denote the standard L^ inner product. 

One tool that will be used repeatedly in the analysis is the following interpolation 
inequality in two space dimensions, the so-called Ladyzhenskaya inequality. If D 
is a smooth domain in M^ and / G Hq{D), then 

||/|li4(^)<2||/||i.(^)||V/||i.(^). (2.1) 

This inequality follows immediately from Lemma 1 on page 8 of ifTOl . 

Let Q = {x = (xi, X2, X3) e M^ I xf + x| < 1} = D X M be the infinite pipe 
with unit circular cross-section D parallel to the xs-axis. 

We consider the initial-boundary-value problem for the incompressible Navier- 
Stokes (NSE) and Euler equations (EE) in Q. We recall the notion of helically 
symmetric solutions of these equations, studied in ll6l[T2l. 

We first give the definition of a helical vector field and a helical (scalar) function. 
We denote a point in M^ by x = (xi , X2 , X3) in Cartesian coordinates. Given a non- 
zero number cr G M, we define the action of the hehcal group of transformations 
Ga on M^ by: 

(xi cos p + X2 sin p \ 
— xi sin p + X2 cos p , p e M, 

^3 + ^P / 

that is, a rotation around the X3 axis with simultaneous translation along the X3 
axis. Gcr is uniquely determined by a, which we wiU call the step (or pitch). 
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Invariant curves for the action of the hehcal group G^ are heUces having the 2:3 
axis as axis of symmetry. The cylinder Q. is an invariant set for the action of Ga for 
all a. A change of sign in a corresponds to switching the orientation of the helices 
preserved by the group action from right-handed to left-handed. Without loss of 
generality, we will restiict our attention to the case of cr > 0. 

We will say that the smooth function f{x) is helically symmetric, or simply 
helical, if / is invariant under the action of G^, i.e., f{Spx) = f{x), Vp G 
M. Similarly, we say that the smooth vector field u(x) is helically symmetric, or 
simply helical, if it is covariant with respect to the action of G^, i.e., M{p)u{x) = 
u{S{p)x) for all p € M, where 



M(p) := 



cos p sin p 
— sin p cos p 











1 



(2.2) 



We find it convenient to give an alternative definition of helical symmetry as 
follows. We re-write a vector field u(x) = {u^ , u^ , u^){xi, X2, x^) with respect 
to the moving orthonormal frame associated to standard cylindrical coordinates 

{r,e,z), 

Bj. = {cos6,sm6,0), eg = {— sm6,cos6,0), ez = (0,0,1), 



as: 



u 



UrBr + Ugeg + U^Gz, 

where Ur, ug, Uz are functions of {r,6,z). We introduce two new independent 
variables in place of 6 and z: 



■n := — 9 + z, f := — ( 

' 27r ' ^ 27r 



(2.3) 



As shown in 161 for instance, a (smooth) function p = p{r, 6, z) is a helical function 
if and only if, when expressed in the (r, ^, rj) variables, it is independent of ^: p = 
q{r, ^9 + z), for some q = q{r, rj) Similarly, a (smooth) vector field u is helical if 
and only if there exist Vr, vg, Vz, functions of (r, 77) such that u^ = Vr{r, ^6 + z), 
ug = vg{r, ^e + z), Uz = Vz{r, ^9 + z). 

We note that a vector field u is invariant under the action of G^^ for all o" 7^ 
if and only if Vr, vg, Vz are functions of r only. In particular, planar, circularly 
symmetric flows, that is flows for which Vr = Vz = and vg is a radial function, 
are a (very) special case of helical flows. 

The change of variables (xi,X2,X3) 1— )• (r, ^, 77) introduced above has often 
been used to characterize helical symmetry, and, in fact, it does provide a simple, 
geometrically elegant description of invariance for both scalar functions and vector 
fields. However, to obtain estimates on solutions of the fluid equations, we find that 
an alternative characterization actually simplifies calculations, by avoiding moving 
frames. As a matter of fact, we show in the following proposition that sufficiently 
smooth functions and fields with hehcal symmetry are essentially two dimensional. 
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in the sense that they are uniquely detennined by their ti'ace on any "slice" Qn{z = 
constant}, which can be canonically identified with the unit disk D C M^. 

Below we will make use of the following notation, where we employ Cartesian 
coordinates and frames. Given y = (yi, 7/2) we let y^ = (—2/2,2/1) and we set 

E = y^-Vy. (2.4) 

We also use the notation \'h = (y^,V^,0) for the horizontal component of the 
vector V = {V^,V'^, V^), and we denote the vector {-V'^, y^ 0) by V^. 

Proposition 2.1. Let u = u(x) be a smooth helical vector field and let p = p{x) 
be a smooth helical function, where x = (xi,X2,X3). Then there exist unique 
w = {w^,'uP',w'^) = {w^,w'^,'w^){yi, 2/2) and q = q{yi,y2) such that 

u{x) = M{2-KX3/a)w{y{x)), p = p{x) = q{y{x)), (2.5) 

with M{p) given in (12.21 ). and 



y{x) 



2/1 

2/2 



cos(27rx3/o-) — sin(27rx3/(T) 



Xl 
X2 



(2.6) 



s\n{2'KX^/a) cos(27rx3/(T) 

Conversely, ifu and p are defined through (12.51 ) for some w = w(yi, ^2). Q 
q{yi, y2), then u is a helical vector field and p is a helical scalar function. 

We omit the proof, which is a standard application of vector calculus. 
In what follows, for notational convenience we set 

cos(27rx3/(7) — sm{2TTX3/a) 



m^ixs) 



sin(27rx3/(T) cos{27rx3/cr) 



so that 



and 



y{xi,X2,X2,) 



2/1 

2/2 



m°'(x3) 



Xl 
X2 







iVr(x3) = M{2TTX3/a) 

1 

It is clear, from Proposition (12. Il l above that any smooth helical flow is periodic 
in X3, both velocity and pressure, with period the step a. We can therefore state the 
initial-boundary- value problem for the Navier-Stokes equations in the fundamental 
domain ff^ := D x (0,cr): 



dtu + (u • V)u -- 
div u = 0, 

u(t,x',X3) = 0, 

u(t, x', X3) = u(t, x', X3 + a 
p{t, x', X3) = p{t, x', X3 + a) 
u(0, x) = uo, 



where we set x' = (xi, X2), so that x 



Vp+uAu + t, in (0, +00) X f]'^; 
in [0, +00) X n'^; 

for t € [0, +CX)), |x'| = 1, < X3 < (t; 
fort G [0,+oo), x' £ D; 
fort £ [0,+oo), x' G D; 

X e n'', 

(2.7) 

(x',X3). 
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The Euler equations are formally obtained by setting ;/ = above and by replac- 
ing the no-slip boundary condition \i\dQ.'' = with the no-penetration condition 
u • x' = on do." . We discuss Euler solutions in Section[5] 

In what follows, for simplicity we set any body forcing f = 0, and take the 
viscosity coefficient v = 1, as we do not contend ourselves with the vanishing 
viscosity limit in this work. We plan to study the interplay between the limits 
i^ — )• and cr —)• oo in future work. 

We denote by Cpg^C^) the subspace of C^iU), a G M+ of functions that are 
(7 -periodic in xa, and by C^ {^") the space of functions which are a-periodic in 
X3 and compactly supported in D for each fixed X3 G [0, a]. We also denote by 
Hh^peA^") the closure of C^^^^iVt") in H\n''), and by HpJ^X^") its dual. We 
note that the closure of the subspace of C^ {^'^) of divergence-free vector field 
is the subspace {u G Hq [Qf^) \ div u = 0}, where derivatives are taken in the 
weak sense. 

In the remainder of the paper we will consider solutions to (12.71 ) and the cor- 
responding inviscid system (15.11 ) with initial data uq of limited regularity. More 
specifically, uq will be taken in i/g (fi'^) for Navier-Stokes and in Hp^^{^'^) 
with initial vorticity curl uq G L'^{Q,^) for Euler. We now briefly discuss helical 
symmetry in this context. 

Definition 2.1. Let p G Hp^j.{Q^). We say that p has helical symmetry if there 
exists a sequence of smooth, helical functions p„ such that p = lim„_>.oo Pn in 
Hp^j.{^'^). Similarly, we say that a vector field u in Hp^j.{QFY has heUcal sym- 
metry if u is a strong limit in Hp^^{^'^)^ of a sequence of smooth, heUcal vector 
fields u„. 

We next show that the characterization of helical symmetry given in Proposition 
12. II carries over to functions and vector fields in H^. 

Proposition 2.2. Let u G {Hp^^{Q'^))^, p G Hp^^{Q.'^) be, respectively, a helical 
vector field and a helical function. Then, there exist a unique ■w G H^{D)^ and 
q G H^{D), where D is the unit disk in M^, such that 

u(x)=M-(x3)w(m'^(x3y), , n wn^ ^ 

a. e x' G £>, V < X3 < a. (2.8) 

p{x) = q{m (xsjx)), 

Conversely, given ■w G H^{D)^ and q G H^{D), ifu and p are defined through 
(12.81) . then u G {Hpi,^{^'^))^, p G {Hp^^.ipf')), and they have helical symmetry. 

Proof. We only consider the case of a helical vector field u. The case of a helical 
function is similar and simpler. By definition, there exist helical vector fields u„ G 
C'^{Q.'') such that Un ^f u strongly in Hp^j.{Q'^). By Proposition (12. lb . for each 
u„ there exists a unique, smooth w^„ such that ■Wn{x') = (M'^(x3))-^u„((?7i'^(x3))-^x'), 
for all x' = (xi, X2) G D. Therefore, the expression on the light-hand side is inde- 
pendent of X3 and Vx{M'^{x'i))^u{{m'^{x'i))'-^x') = {Vrc'w{x'),0). If we define 

w(x',X3) := (iVr(x3))^u((m'^(x3))^x'), 
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then dx-i'vvix' ,x-i) = in weak sense, since it is true for w„ and V^u^ — )■ Vu 
strongly in L'^{Q,'^). Consequently, w is independent of xs for almost all x' G 
D (functions with vanishing weak derivatives are constant, see e.g. [TP, Theorem 
6.11]) and w G H^{D). Furthermore, 

l|Wn - w||^i(£,) < C^/a ||u„ - u||^i(f^^), 

by a simple change of variables, so that w„ — ;• w strongly in H^ {D). The converse 
statement is a direct consequence of ( 12.81 ). □ 

Remark 2.1. The proof of Proposition 12.21 shows that if u G H^{Q.'^), m G N, 
then w G H"^{D) and the if'" norm of w on D is bounded by the H"^ norm of 
u on [7°^ with constants that depend on a. The same result holds in L^-Sobolev 
spaces W^f{Q'^) for 1 < p < oo. These spaces are defined in a manner totally 
analogous to if™^(r2'^). 

We next recall the notion of weak and strong Navier-Stokes solutions. By a 
classical solution of (12.71) on the time interval [0, T], we mean a vector field u G 
C^{[0, T]; C72([F), together with a function p G C^{[0, T), C^in^)) such that the 
equations, and the initial and boundary conditions are met pointwise in t and x. By 
a weak solution on the time interval [0, T), we mean a divergence-free vector field 
u: [0,T)xfi'^^M3 such that u £ C^{[0,T); L'^{n''))nL^{{0,T); H^p^^in'')) 
and 9ju G L^{{0, T), H~^j.{Q,")), satisfying the equations in the sense of distribu- 
tions and the initial condition u(0) = uq G L'^{Q.''). Here, C^„([0,^); L^) is 
the space of all functions of t with values in L^ that are continuous w.r.t. the 
weak topology on L^. We remark that weak solutions satisfy the Dirichlet (no- 
slip) boundary conditions at least in trace sense on the boundary for almost all 
< t < T. By a strong solution we mean a weak solution that satisfies in addi- 
tion u G L°°([0,r);iiiper(^")) n L^i{0,T);H^^^{n'') n ifo\per(^")) and the 
condition uq G i/g (O*^). It then follows that there exists an associated pressure 
function p G L'^{{0,T); H^{Q'^)). A strong helical solution will denote a strong 
solution that is a helical field in the sense of Definition 12.11 We recall that any 
strong solution of the Navier-Stokes equations is unique and smooth for t > (see 
e.g., llT4l Theorem 1.8.2]). Hence, strong solutions ai^e actually classical solutions 
on any time interval [6, T], 6 > 0. It was shown in llT2l Theorem 3.4] that weak so- 
lutions of (12.71 ) with helical symmetry are unique, global in time, and agree with a 
sti'ong solution, if the initial data belongs to Hq (Q,^) and the associated pressure 
p is also a helical function. (See also lU for more elaborate discussion regarding 
this matter.) 

3. Symmetry reduction for the Navier-Stokes equations 

In this section we derive a set of symmetry-reduced equations that completely 
capture the dynamics of the original system under the hypothesis of helical sym- 
metry. 

We begin by deriving the symmetry-reduced system under the hypothesis that 
(u, p) are classical solutions of (12.71 ) and have hehcal symmetry. Let w = w(t, 2/1,2/2) 
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be given in terms of u by Proposition 12.51 We will derive from Navier-Stokes the 
equations satisfied by w. Smoothness of u and w justifies all the algebraic manip- 
ulations. For ease of notation, in this proof we write M^ for [{M''){x^)Y' . We 
multiply the momentum equation in (12.71) by M^ and identify each term in the 
resulting expression as follows to obtain: 

M'^9iU = 5iW, (3.1a) 

M^[(u • V,.)u] = (WH • V^)w + (— )u;3^w - {—)w^^jj, (3.1b) 

a a 

27r 
M^V^.p = {Vyq)H + { — )Eqes, (3.1c) 

27^2 

M'^A^u = AyW + (^)[SV - 2Ewh - wh], (3. Id) 

where E is the operator defined in (12.41 ). We similarly perform the symmetry re- 
duction on the incompressibility condition for u to obtain 

,27r 
a 

Therefore, we find that w and q satisfy the following initial-boundary-value prob- 
lem: 

dtw + (wH • Vj/)w H w [Ew - Wfj] = -{Vyq)H 

2tt 47r^ 
Eqe^ + AyW + -^ [^ V - 2Sw^ - w^] , (3.3a) 

27r o 

di-VyWH H Ew-^ = 0, t > 0, y G D, (3.3b) 

a 

w(t,y)=0, t>0, |y| = l, (3.3c) 

w(0,y)=wo(y), y G D, (3.3d) 



divj^u = divyWH + {^)E'ufi . (3.2) 



where wq is related to uq via (12.51 ). 

Before giving a weak formulation of the above initial-boundary-value problem, 
we note that the operator E = y^ ■ Vy is anti-selfadjoint, i.e., E* = —E, since 
divj; y^ = 0. If we write (I3.3bl ) as ^ w = 0, for some matrix operator A with w a 
column vector, it follows that A and its adjoint A* are given by: 



A:=[dy,, dy„ ^E], A* 



-8 

Uy2 

-^E 



It can be easily checked that the (scalar) second-order operator AA* = —Ay — 
^E"^ is elliptic for any cr / 0. 

We will call a vector field w on [0, T) x D a weak solution of (13.31 ) if w G 
C^i[0,Ty,L^iD)) n L\{0,T)-H^{D)), dtw G LmO,T); H^^D), w{0) = 
Wq G LP'{D), v^ satisfies the constraint (I3.3bl ) in th sense of distributions, and for 
all (vector- valued) test functions * G C^([0, T) x D) that satisfy (I3.3bl ). 
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/ / w-dt^dydt + — / w^i^ ■w-^ + E^ ■w)dydt+ 
Jo Jd cr Jo Jd 

/ A^-wdydt+^ / (e^^-w + 2E^ -w^] dydt 

--^ f [ ^■^Hdydt= f ^{0)■^^^{0)dy. (3.4) 
o-"' Jo Jd Jd 



A weak solution will be called a strong solution if, in addition, w € L°°{[0,T); Hq{D)) 
nL'^{{0,T);H'^{D) n H^{D)) and uq G H^iD). By interpolation then, w G 
C((0,r);Foi(L»)) (c.f. e.g. ^ Lemma 4.8 p. 570]). By projecting the mo- 
mentum equation (I3.3al ) onto the kernel of the operator A, one obtains an elliptic 
equation for the pressure q: 



AA*q = A 



27r o I 47r i 

(wj:/ • Vyjw w [Ew - Wff) ^[2Ewff + WH) 



(3.5) 
and by elliptic regularity, it follows that q G L^{[0, T);H^{D)). 

In the following proposition we establish the relationship between strong so- 
lutions to the Naviers-Stokes system (12.71 ) and strong solutions of the symmetry- 
reduced system (13.31 ). 



Proposition 3.1. Let uq G Hq {i^'^) be a divergence-free, helical vector field. 
Let u be the unique, strong helical solution of (12.71) on [0, T), for any T > 0, with 
initial condition uq and associated pressure function p. Then, the vector function 
w = {w^ ,VlP' ,w^) and scalar function q, defined through (12.81 ) from u and p, give 
a strong solution of the reduced system (13.31 ). 

Conversely, let -w be a strong solution of (13.31 ) and associated pressure q. Then, 
ifu and pare defined from w and q via (12. 81 ). u is a strong helical solution of (12.71 ). 
In particular, strong solutions of (13.31 ) are unique. 



Proof. By Definition 12. 1[ there exists a sequence of smooth, helical functions uo,n 
on il'^ such that uo,n — ^ uq strongly in Hq {Q'^). Let u„ be the unique, classi- 
cal helical solution of (13.31) with initial data uo.„, and pressure p„. The sequence 
{u„} is uniformly bounded in L°°([0,r); //^^.^.(O'^)) n L'^{{0,T);H^^^{Q'') n 
^Iperi^")) and {dtUn} is uniformly bounded in L^{[0,T);H-J^.{^'')). There- 
fore, by interpolation and Rellich's theorem, there exists a subsequence converging 
strongly in if-^([0, T); i^ip^,(O-))nL2((0, T); H^-'{n'')), for all e > 0, weakly 
in L'^{{0,T);H'^{n'')), and weakly-* in L°°{[0,T);Hlp^^{n'')), such that 5tu„ 
converges weakly in L^{{0,T); H~^ {D)). The limit u is then a weak solution 
of (13.31 ) with initial data uq (by arguments similar to those showing existence of 
Leray-Hopf weak solutions, cf. |[T5l Theorem 5.9, Chap. 17]. ) 

Since weak solutions agree with strong solutions as long as the latter exists, we 
must have that u is the unique, strong helical solution of (13.31 ) with initial data uq. 
Hence, the whole sequence {um} converges to u by uniqueness of the limit. A 
similar argument gives convergence of pn to pin L^{{0,T);H^{D)) . 
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Let now w^i be associated to u„ by (I2.5I ). Then, w„ is a classical solution of 
(13.31) . with associated pressure qn given by (12.51 ) in terms of p„, by the calcula- 
tions at the beginning of this section. Furthermore, the proof of Proposition 12.11 
implies that all Sobolev nomis of w„ and g„ are bounded by the corresponding 
Sobolev norms of u„ with constants depending on a. Hence, the sequence {w,i} 
is uniformly bounded in L°°([0, T); Hl{D))rM'^{{^, T); H'^{D)nH^{D)). From 
the equations, it follows that 9tw„ is uniformly bounded in L^{{0, T); H~^{D)). 
Hence, by interpolation and Rellich's theorem there exists a subsequence con- 
verging strongly in H-'{[0,T); H^{D)) n L'^{{0,T); H^-'{D)), for all e > 0, 
weakly in L'^{{0, T); H'^{D)), and weakly-* in L°°([0, T); Hl{D)) to a weak so- 
lution w of the symmetry-reduced system (13.31 ). Since w G L°°([0, T); Hq{D)) n 
L^((0, r); H'^{D) n Hq{D)), w is a strong solution of the reduced system. Also, 
by refining the subsequence if needed, we can assume that {qn} converges weakly 
in L^{{0, T); H^ {D)). Furthermore, the convergence of u,i to u implies weak con- 
vergence of the right-hand side of (I3.51 l in L^(0, T); H~^{D)) and, hence, g is a 
weak solution of the pressure equation. Lastly, since w and q in (12.81 ) are unique, 
given u and p, these must agree with the limits of u„ and p„. The first half of the 
theorem is established. 

The converse follows by similar arguments, using again the uniqueness in the 
relation between u, p with w, q of Proposition 12.21 Energy estimates for strong 
solutions of the symmetry-reduced equations are given in Propositions 14.21 and 
14.31 Uniqueness of strong solutions to the reduced equations then follows from 
uniqueness of helical, strong solutions of the Navier-Stokes equations. D 

4. The limit ct -)■ oo for the Navier-Stokes system 

The purpose of this section is to discuss the limit cr —)■ oo for helical solutions 
of the Navier-Stokes equations. To emphasize the dependence of the solution on 
the parameter a, we will write \i" and p*^ for u and p. 

Next, we recall that to any helical vector field u"^ in if ^(il'^) we can associate a 
three-component vector function w'^ in H^{D) by means of Proposition 12.21 The 
divergence-free condition on u"^ is recast as (I3.3bl ) for w'^. In what follows, we will 
need to relate divergence-free vector fields in D to fields satisfying the condition 
in (I3.3bb . To this end, we will exploit the following useful lemma. 

Lemma 4.1. There exists a constant C > such that, for every f € L^{D) with 
Id f{^) dx = 0, there exists a vector field v G Hq{D) satisfying 

divj^v = / and 

||VV||^2(B) < C||/||i2(0). 

Proof. Since D is clearly star-shaped, this is a special case of Lemma in.3.1 on 
page 116 of 121. D 

We note that v is not uniquely determined. In fact, we can add to v any 
divergence-free vector field in D, satisfying the H^ bound above. The vector field 
V can be made unique by assuming, for example, that it is curl free. 
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Next, we will state and prove several energy-type estimates for w'^. These fol- 
low from corresponding bounds for u'^ thanks to Proposition 13.11 but we derive 
them here keeping track of the precise dependence on the parameter a. 

Given a helical vector field uq G Hq {Q'^), Proposition 13. II gives a one-to- 
one correspondence between strong helical solutions of (12.71 ) and sti'ong solutions 
of (13.3b with initial data wq G Hq (D) satisfying 

div,[(wo-k] + ^i^[K'')] = 0, (4.1) 

where Wq' refers to the third component of Wq , and uo and wq are related via 



TE\i . In particular, w G C{[0,T),H^{D)). 

We remark that for any helical vector field Uq for which the component along 
the axis of the pipe, Uq' , is a radial function, the symmetry-reduced constraint on 
the divergence is in fact simply the divergence-free constraint in 2D for (wq)//, 
since in this case E Wq' = 0. In this special case, the analysis is considerably 
simplified. We may now state our next results, consisting of energy estimates for 
w"^. We split these into two propositions, the first valid for all cj > and the 
second valid for large a. 



Proposition 4.2. Given a > 0, let ■w'^ be a strong solution of (13.31 ) on the time 
interval [0, T). Then, for all t G (0, T), we have that 

D JD Jo Jd ,a 2\ 



Jo Jd cr^ L 



dyds. 



Proof. We simply obsei-ve that w"^ has enough regularity to be a test function in 
the weak formulation of (13.31 ). so we are justified in multiplying (13.31 ) by w"^ and 
integrating over the domain D and, subsequently, in time. This easily yields the 
desired identity. D 

Proposition 4.3. Let 1 < cr < oo, and fix T > 0. Let u"^ be a strong helical 
solutions of (12.71 ) on the interval [0, T). Let w"^ be the corresponding symmetry- 
reduced flow, which solves (13.31 ). Then the following hold: 

(1) There exists C > 0, independent of a, such that 

(2) There exists C > 0, independent of a, such that 

lk'^llL2({0,T);L2(D)) < C {\\dt^''\\L^((0,T);H-'^{D)) 

+ (I|W^||loo((o,T);L2(D)) + l)l|Vw'^||2,2((o,T);L2(Z)))) • 

(3) Moreover, the following scaling holds: 
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(4) and we also have 

ll^a:3UollL2(Q<^) < ^ IIwq IIhi(D)- 

Remark 4. 1. As a result of Propositions I4.2l and I4.3l it follows that 

l|w"(i)llL2(B) < ||w^||i2(o), for each t G [0,r], 

l|VW^IlL2((0,r);L2(D)) < C'I|Wo||l2(£,), 

II/^-.ttO"II ^ /^^ ll-.^rCr||2 I r^ II-,ttO"II 

ll'^tW ||L2((o_r);//-i(z))) S L'i||Wq||^2(£)) + L'2||WQ||i2(^), 

lk'^llL2({0,T);L2{D)) < C*! II Wq |li2(£,) + C'2||wf^ ||i2(o) , 

with constants that are uniform in a on [1, +oo). 

Proof. We begin with estimate ([T]). We recall that u'^(x) = M" {x^)w'^ {t,m'^ {x^)x'), 
where x' = (xi, X2). We exploit the duality between H~^ and Hq to compute 

ll^tw IIh-i(d) = sup — — . 

*^o,*eH(5(D) 11*11//! 



(4.3) 



To this end, we test the symmetry-reduced equations (I3.31 l against a (vector) test 
function "^ G Hq{D)^ and relate the weak form of the reduced equations to that 
of the Navier-Stokes equations by constructing an appropriate test function $ in 
-f^d,per(^'^)^ from*, as follows: 

*(x) = -M''{x3)'^{m''{x3)x'). 
a 

We recall now as well that {m'^(xs))~^y = x' = (xi,X2) by ( I2.6I ). We then 
observe that 

{M''{x3)f^{{m'')-\x3)y,X3) = -*(y), 

a 

by the orthogonality of M'^. 

We have that 

Jd 

r 

(Ar (X3)f *((m<^)-Hx3)y, X3) • Siw'^Ct, y) dx3 dy 

= / ^{XH,X3)-M''{x3)dtw''{t,m''{x3)x')dx= I ^{x)-dtu''{t,x)dx. 

To bound the H^ norm of u, we calculate the derivatives of $ to find 

VhHx) = -M'^(x3) [{D^){m''{x3)x')]m''{x3), 
a 
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27r 
9,3*(x) = -2 {dpM''{xs)^{m''{xs)x')+ 

where D denotes differentiation of a function with respect to its variables and p 
denotes the argument of M'^ and m'^. A simple change of variables then gives: 

ll*llL2(n<T) = ^||*||^2(£|). 



with C a constant independent of a. 
Hence, since cr > 1, 

Wdt^v^t, OIk-MD) < C^Wdtu'^it, -MlH-^n^)- (4.4) 

Next, we estimate the H~^ norm of dtu directly from equations (I2.71 i: 

Stu'^ = -P[(u'" • V)u'"] + P[Au'"], 

where P denotes the Leray projector onto divergence-free vector fields tangent to 
dD and periodic in X3 with period a, so that 

\\dtu'^it,-)\\H-Hnn<Ci\\diviu'^^u'^){t,.)\\H-Hn^) + C2\\Au'^{t,-)\\H-Hn^) 

< Ci||u-(t, •)||i4(^.) + C2\\Vu^it, •)||i2(f,.) 



using the helical symmetry expressed by relation (I2.81 l. It follows from (14.41 ) and 
the estimates above that 

< ^ (l|w'^(t, •)llL2(D)l|Vw'^(i, •)||l2(^) + llVw'^li, OIIl^cd)) , 

where we have used the two-dimensional Ladyzhenskaya inequality ( I2.1I ). This 
concludes the proof of estimate ([1). 

To prove estimate ^, we deal directly with the equations for w*^, q^. Since p'^, 
and hence q'^, is chosen up to a constant, we can assume that 

We again use duality and interpret the L^-noiTn of q^ as the dual norm in (L^(D))*. 
Consequently, we pick an arbitrary / G L'^{D) such that J^f{y)dy = and 
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1^2 = 1. By virtue of Lemma 14. 1 1 there exists v// G Hq{D) such that 
div ^rH = f, 

\\"^H\\m{D) < C'II/IIl2(d) = C. 
We multiply (13.31) by ^th and integrate over D to find: 



(4.5) 



/* / /I 2 



(4.6) 



-2i?(w^)^-w^] dy, 



We next perform several integrations by parts, using the divergence constraint 

for w^" : 

27r o 
aivyV^H H Ew = 0, 



(T 



together with ( 14.51 ). to find 

/ WH ■ dtw dy- / w" ■ [{w^H ■ V,y)vj^] dy 
JD Jd 



2tt 



a 



Jd 



f f{y) q%y) dy- f VyVH ■ Vy^" dy-% [ Evh- Ew'}, dy 
Jd Jd cr Jd 

H — 2" / ^^H ■ {^h)~^ dy 2- / VH -Wh dy. 

0-^ Jd cr Jd 



(4.7) 



By Poincare's inequality for functions with zero average on D, we deduce that 



fq^dy 



D 



< ChH\\HHD)i\\dtw''\\H-i(D) + 



(D)- 



(4.8) 



W|Il4(£,) + ||Vw'^||i2(B)), 



for C a constant independent of / or a. Above we exploit that the operator E 
y-*- • Vy is first order and a > 1. 
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Hence, using that Hvjif Hji^ip) < (^11/11^2(1)) = C* from (14.51) and the Ladyzhen- 
skaya inequaUty again, we find 



Il2{d) 



D 



< C{\\dtw''\\H~i + ||w'^||i2||Vw'^||i2 + ||Vw'^||i2; 



(4.9) 

Finally, squaring both sides of the inequality (I4.91 l and using Young's inequality, 
subsequently integrating in time, we arrive at 

+ i\\'^''\\L°°{(0,Ty,L^iD)) + 1)II^w'^IIl2({0,T);L2(D)))- 

Identities Q and (01) follow by a straightforward change of variables, from the 
relation 

which gives by the chain rule, 

Vh< = iVr(x3)[(Dw^)(?n^(x3)x')]K(x3)], 

and 

27r 
5.3U0 = — [5piVr(x3)wJ(m'^(x3):r') 

+Ar(x3)[(i?w^)(m'^(x3))][9pm'^(x3)]x']. 

D 

With these estimates at hand, we are now ready to discuss the limit o" — ^ 00. We 
observe that a is not a parameter appearing explicitly in the Navier-Stokes system 
(12.71) . Therefore it is not clear what the limit equations are even at a formal level. 
The dependence on a is elucidated however in the symmetry -reduced system (13. 31 ). 
which is equivalent to the original system at the level of strong solutions thanks to 
Proposition 13.11 

For the reduced system (13.31 ). formally setting a = 00 produces the following 
system of equations for a three-component vector function w°° : (0, +00) x D — ;• 
M^, with associated pressure q°°: 

'dtw'^'^ + {w^^^dy^ + w'^^'^dy^)w'^'^ = -dy,q°° + (92^ + 52j«;°°'l, 

dtw°°'^ + {w^'^dy, + w^''^dy,) w°°'^ = {dl^ + dl^)w°°'^, 
dy,w°°''^ + dy^w'^''^ = 0, in [0, +00) x D; 

w°° = 0, on [0, +00) X dD; 

[w-(0,y)=w-o(y), y € D. 

(4.11) 
The initial condition wj^ will be taken in H^{D) and assumed to satisfy: 

dy^w'^'^ + dy^w^''^ = 0. (4.12) 

The first two momentum equations are independent of w°°'^ and together with 
the fourth equation give precisely the two-dimensional Navier-Stokes equations 
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in D, where the fluid velocity is identified with w^ := {w°°'^,w°°''^,{)). The 
third component w'^'^ is simply advected by the first two and diffused. For this 
reason, we refer to this flow as a planar flow. Existence and regularity results 
for the 2D Navier-Stokes equations immediately give existence and uniqueness of 
the divergence-free vector field wg" G C{[G,T)]Hl{D)) n L'^{{0,T); H^{D) n 
H^{D)) and associated pressure q°° G L^{{0, T); H^{D)) n C°°((0, T) x D) for 
any initial condition w^(0) G Hq{D) satisfying (I4.12I ). and any T > 0. In fact, 
w^ is smooth for t > 0. Consequently, the advection-diffusion equation for w°°'^ 
admits a unique solution, which belongs to the same class (see e.g. Proposition 2.7 
in IIT3I and Theorem 3.10 in [l16|.) We refer to the three-component vector function 

y^'^€C{[0,T);H',{D))nL\{0,Ty,H\D)nHUD))nC°°{{0,T)xD), 

as the unique strong solution of problem (14. lll i. 

The System (14.111) gives the so-called two-dimensional, three-component Navier- 
Stokes equations (also known as the 2^D Navier-Stokes equations, see ||T3| .) We 
can uniquely associate to w°° a solution u°° of the Navier-Stokes equations in Q 
with initial data ug" by: 

u°°(t, x) := w°°(t, x'), x' €D, t>0, 
u^{x):=w^{x'), x'£D (4.13) 

p°°{t,x) ■.= q'^{t,x',0), x'£D,t>0, 

with x' = (xi, X2). It is immediate to see that u°° and p°° have at least the same 
regularity as w°° and q°°. We will refer to u°° as the 2^0 solution of the Navier- 
Stokes system (12.71 ) in $7 with associated pressure p°°. 

To obtain a relationship with the original problem (I2.71 i. at least at a foniial level, 
we observe that, if we take the limit cr — )■ 00 in (12.51) . thanks to (12.2b and (12.6b . we 
have the identification: 

u'^{t,x) = w°°(t,x') = lim u''{t,x) (4.14) 

Above, we have naturally identified the cross section of the cylinder il at height 
X3 = with D and x' = (xi, 3:2) with y. We will use the identities and estimates 
established in Proposition |431 valid for all 1 < cr < 00, to establish an estimate for 
the difference between w"^ and w°°. One difficulty in studying the limit cr —)• 00 
is that wf^ is divergence free, while w^ satisfies a divergence constraint that is a 
dependent. 

Proposition 4.4. Letw^ G H^{D) satisfy (l4TT2l) . Given a > 1, letw^ G H^{D) 
satisfy (14.11 ). Let w°° be the unique strong solution of (14.111 ) with initial data w^, 
and let w"^ be the unique regular solution of (13.31 ) with initial data Wq on the time 
interval (0,T), T > 0. Set: 

0^ = w'"-w°°. (4.15) 
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Then, for all < t < T, 
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/ \&''{t,y)\^dy+ I [ \Ve^is,y)\^ds 
Jd Jo Jd 



dy 



'0 JD 

<C(t,||wo°°||i„||w5||^,^ 



l«'^l|2 J- 



(4.16) 



Proof. Since w'^ is a strong solution of (13.31 ) and w°° is of (14.111 ) on the interval 
[0, T), there exist functions q"' and q°^ £ L^iiO, T); H^{D)) enforcing the diver- 
gence constraints. If we set r'^ = q'^ — q'^, then @^ satisfies the following set of 
equations on (0, T) x D: 



27r 



SiG" + (W?^ • Vy)&'' + (0?^ • Vy)w°° + _u;-'^[^w" - (w?^)^] 



2-K 



A-k' 



{VyrnH Eq'^es + A.O'^ + ^[^V^ - 2E{w'}i 



H) 



W 



H\i 



27r 



,,^^,3 



div„0?. + —Ew''"' = 0, 

(4.17) 
where E is again the differential operator y-^ ■ Vy defined in (12.41) . These equations 
are complemented by the initial condition 

0^=0-(O)=Wo^-Wo°°Gifo'P) 

and no-slip boundary conditions on dD. 

We observe that 0°^ has enough regularity to be a test function for the weak 
formulation of dUI]). In particular, dt®" G L^{{0,T),L'^{D)). The weak form, 
after rearranging the terms and integrating by parts, gives: 



2di 



[ |0n' dy+ [ I V0n' dy = - [ Q'^- [(w^ • V,)0n dy 
Jd Jd Jd 



0'^-[(0^-V,)w-]dy 



id 

47r2 
'^Jd 



2tt 
o- Jd 



@^. 



w'^'^iE^N" - (w?^) 



0'^ 



E^vj" - 2E{w'}j)^ - w'Jj 



dy 



dy 
(4.18) 



0'^ 



D 



27r 



i^yrnn + —Eq'^es 



a 



dy = -h 



h + h-h- 



We estimate each of the five integrals on the right-hand side. Since w"^ is a 
strong solution and in view of estimates (14.31 ) for ^" , all noiTns appearing in the 
bounds to follow are finite and all constants C are uniform in o" G [1, +oo). We 
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have: 



1^1 <— f -lO'^PlVw^^ldy, 
<^ Jd ^ 
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\h\< I |en'|vw°°|dy, 

JD 

\h\<— |0'"||w<^|(|Vw'^| + |w'^|)d2/, 
o" Jd 

I |Ve'"||Vw^|dy+ j |0'"|(|Vw'^| + |w^|)(iy 
JD Jd 



\h\ < -JT 



2tt 



oo,3\ 



[q'^ Eiw"^'') - q'' E{w°°-')]dy 



< — / (iVw'^l Iq'^l + |Vw°°| Iq^Ddy. 
o" Jd 



cr Jd 
We bound further each integral Ij, i = 1, . . . , 5, using repeatedly the Ladyzhen 



skaya inequality (I2.1I ). Cauchy-Schwartz and Young's inequalities: 

|2 ||Vw'^l|2 



ill < — ||fe) ||j;^4(£i)||Vw ||l2(D) S — lllfe' ll^,2m^l|VW ||^2m^ + l|Vfc) Wj 



L^{D)J 
(4.19) 

\h\<\\^ IIl4(d)I|vw ||l2(d) < 211*=' IIl2(d)I|Vw |Il2(£,) + -||Vfe) ||i2(£,), 

(4.20) 



C 

l-^sl < — (I|0'^IIl2(D)I|w'^IIl'1(D) + ll®'^llL''(D)l|Vw'^||i2(£,)||w°'||i4(£,) 

< -(ll0"lli2(D)llw'^iii2(,5) + wv^^wl^D) + II0 

< -(Il0"lli2(z))i|w'^iii2(^) + iivw ii^2(^) 

S — MIU ||i2(£,)||W ||i2(£,) + ||VW ||£,2p) 



L2(Z))I|VW ||^2(£,)||VW ||^2(£,)||W ||^2(£,)J 



.o-||2 



+ 11© 



o-||2 



lL2(fl) 



ive 



(T||2 



.o-||2 



.o-||2 



(T 



L2(D)II'^'^IIl2(D) + ||VW° ||^2(£,); 

(4.21) 



+ (l|W||i2(i)) + ||u||22(^^) 



l\7(Sjo'||2 lliir°'l|2 I ||Y7i,7-'^||2 1 

1^*^ IIl2(Z))I|W IIl2(£,) + ||VW ||i2(£,)J 



I/4I < 



c 



a^ 



|Vfe) ||i2||Vw ||l2(d) + 11'=' IIl2(d)I|vw ||l2(£)) + ||fc» ||l2(£,)||w \\i^2.(p)) 



c 



<^(||V0-||22,n, + ||Vw'^ii2 



a" 



\L^D) 



LHD) 



»o-||2 

Il2(Z)) 



+ Il©"ll^2m^ + I|w^||f2m0, (4.22) 



,(T||2 > 

\l'^(D)/ 



C 



41 < -(lk'"llL2(z))||Vw-||i2(^) + |k'^||L2(D)l|Vw~||i2(Z?)) 



c, 



< -(lk°°lli2(D) + l|Vw'^||i2(^) + Ik1li2(^) + ||Vw~||i2(^)). (4.23) 
Inserting estimates (14.191 ) — (14.231 ) into identity (14.181 ) yields: 



dt' 



0°'l|2 _L ll\7Clo'l|2 ^ llY7riiJ°"l|2 

IIl2(D) + 11^*-' IIl2(Z)) ^ livu Hi 



(^) 



IL2(B) 
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- + - + -IIW ||i2(^) + -||W ||i2(B)||W ||^2(^^+_^ +||U ||^2p) 

C||v7w'^l|2 -^^IIVw°°l|2 -L^llw'^lP -^ '^IIVw'^ll^ -L ^ 

— ||VW ||^2(£,) + — ||VW ||l2(£,) + — ||W ll^ap) + -||VW ||z,2(£,) + -2 

C/ (J (j ^ (J 

-^ /^^IIVw'^lP ^^||Vw'^l|2 -L^llw'^ll^ -^^IIVw°°l|2 

+ I-IIVW |Il2(£,) + ^||VW ||i2(£,) + ^||W ||i2(£,) + -||VW ||^2(£,) 



+ — 115 IIl2(D) + — 115 IIl2(d) I • (4.24) 



Thanks again to the regulaiity of w°°, i.e., 

^^^C{[Q,T);Hl{D))rM\{Q,T);H\D)r\Hl{D)), 
and estimates (14.31 ) for w'^, we can now choose a large enough such that 



II ""114 II <''l|2 II oo||2 ^ "^ 

- + - + -||W ||^2(B) + -||W ||^2(i))||W ||L2(i)) + - < ^. 

We will rewrite (|4.241 i as a differential inequality in order to apply Gronwall's 
Lemma. To this end, we introduce the functions 

fit) = -||Vw'^||i2 + f- + ^1 l|Vw'^||i2 + -11^^1112 + ^ 

and 

git) = ^llVw'^ (011^2 + ^||Vw'^(t)||i2 + ^||w-(t)||i2 

+f iivw-(t)iii2 + ^h'^mh + ^wmh- 

We also set 

z{t) = \\@''{t)\\l,. 

With this notation the differential inequality above becomes 

-z<f{t)z + g{t), 
so that, by Gronwall's Lemma we conclude that 

z{t) < exp jy f{s) ds\ z(0) + J exp!.J /(r) drl g{s) ds. (4.25) 

Next, standard energy estimates for the 2D Navier-Stokes equations along with 
similar energy estimates for advection-diffusion equations, using that w^ is divergence- 
free, give: 

j^Vw°°(s)|li2(^)ds<||wo°°||22(^). 
We employ once again the estimates (14.31 ) in Remark |4TT] to deduce that 



y f{s)ds<C (\W\\h + h< 



a\\2 
L2 I ' 
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Jo <^ 



'0 

Hence we aixive at the estimate, using that a > 1, 

||Cv(7||2 < r'('llw°°l|2 llw°'l|2 "l ||P)<^||2 _L ^ n|w°°l|2 -U llw'^ll^ "l 
ll'J 11^2 S L/ [WWq 11^2, ||Wo||j;^2J ||*JoIIl2 + — (^||Wq ||^2 + ||Wo||£,2j ■ 

This estimate, together with the choice of a, produces, upon integrating the 
differential inequality (14.241 ) in time, the desired result. □ 

Before fonnulating our main results concerning the limit a — )• oo , we note a 
consequence of Proposition |4.4t namely, there may be more than one 2^0 flow 
within a certain distance to a given helical flow w*^. This non-uniqueness will be 
apparent later, since a correction to the initial data Wq will be needed to enforce 
the divergence-free condition for w[^. 

We start with a simpler result, describing a way in which solutions of the two- 
dimensional, three-component Navier-Stokes equations can be approximated by 
suitable helical solutions of the three-dimensional Navier-Stokes equations. More 
precisely, suppose we are initially given a vector function 

oo / oo.l oo,2 oo,3\ ^ ttI ^ T^\ 

Wq ={Wq ,Wq ' ,Wq' ) £ Hq{D) 

that satisfies the divergence-free constraint (I4.121 i. Let w°° be the unique strong 
solution of ( 14.111 ) with pressure q°°. Recall that we can uniquely associate to w°° 
a solution \i°° of the Navier-Stokes equations in i7 with initial data u§° via (14.131 ). 
We will construct a cj-dependent correction to wff, Vq , using Lemma |4~T1 so that 
the resulting field Wq , given in (14.281 ) below, satisfies (14.11) and, hence, can be taken 
as initial data for the reduced helical equations (13.31 ). 

We first observe that, since w^lgo = and divj^y-*- = 0, 

/ y-^ ■ Vyu;|5°''^ dy= I divy {y^ w^'^) dy = 0. 

JD JD 

Therefore, by Lemma l4n there exists a solution Vq = (uq' jWq' ) G Hq{D) to 
the problem 

diVyV^ = -^Ew^'^ (4.26) 

such that 

1 Q C 

||vo||/fi < C-\\Ewq ||i2(£,) < — ||wo ||hi(d), (4-27) 

(T a 

where we recall that E = y^ ■ Vy. 

Next, we introduce the three-component vector function 

w? = wg° + (vj, 0) G Hl{D), (4.28) 

which by construction satisfies (14.11 ). since w'^'^ = w°°'^. We will take w^[^ so 
constructed as initial data for (13.31 ). We are now ready to state our first theorem. 

Theorem 4.5. Fix a > 1. Let wff G Hq{D) satisfy (14.121) . Let w°° be the unique 
strong solution of ( 14.111 ) with initial data wff. Let u°° be the unique 2^D solution 
of the Navier-Stokes equations ( 12.71 ) associated to w°° via ( 14.131 ). Let Wq be given 
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by (14.281) for a choice ofv^ solution of (I4.26I ). and denote by w" the strong solution 
of (13.31 ) with initial data Wq . Let Uq be the associated strong helical solution of the 
Navier-Stokes equations (12.71 ) given by Proposition \3.1\ Then, for any fixed T > 0, 

||u"(i,-,X3 = 0) - u°°(t, ■,X3 = 0)\\l2(^d) < -y^, for all 0<t<T, 



(4.29) 



a 
C 



|V//u'^|x'3=0 - "^ Hu'^\xs=o\\l'2{0,T;L^{D)) < ^j 



where C is independent of a G [1, oo). 

Proof Since by hypothesis, both u'^ and u°° G C([0, T); Foipg^(ri'^) 
nL2((0, T); if2^,(f^'^) n ifoVr(^"))' the traces u'^U3=o(t) and u°"\.^,=o{t) are 
well defined as elements of L?{D) for all < t < T, while the traces Vu*^ 1x3=0 
and Vu°°|a:3=o are well defined as elements of ^^((0, T);L^{D)). 
We continue by showing that 

||w^-wg°||i2(B)<-^ and (4.30) 

\K\\lHd)<C, (4.31) 

with constants C uniform in o" € [1, oo). To see that the first statement (|4.301 l holds 
true, we note that 

w^-Wo°° = K,0), 
where Vq is a solution of (14.261 ) and satisfies (14.271) . 
Hence, 

n 

11^0 - Wq ||l2(£)) - ||Vq||^2(£,) < \\^o\\H^D) S — IIWq \\m{D)- 

The second statement (14.311 ) follows immediately from the first. 
Then, Proposition 14.41 gives that 

C 

||w'"(t, •) -w°°(i, OIlLafD) < ^, for almost all < t < T, (4.32) 

and 

llV^w'^ - Vh^^\\lHo,T;LHd)) < -7^, (4-33) 

again with constants C that do not depend on o" > 1. 

Next, the proof of Proposition 13.11 shows that the helical solution u"^ of (12.71) 
with initial condition Uq related to Wq via (12.81 ) is given by 

u^t,x',X3) = M^{x3)w^t,m^{x3)x'), 

for t > 0, where x' = (xi, X2), so that in particular: 

u"(f , xh) = w"(t, x'), VHu"(t, xh) = Vx.w"(t, x'). 

From (14. 131 ). it also immediately follows that 

u°°(t, xh) = w°°(t, x'), V,.u°°(t, xh) = Vnu^it, xh) = V.^^v^t, x'). 

Then, estimate (14.291 ) is a straightforward consequence of (14.321) and (14.331) . □ 
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Remark 4.2. It is natural to derive bounds of traces at 2:3 = in view of (14.141 ). 
In fact, recalling that u'^ is smooth inx ^ Qf^ for t > 0, a simple ai^gument, using 
a Taylor's expansion for u'^ in < x'^/cr < 1, centered at with x' G D fixed, 
shows that for a given fixed t, 

|u'^(t,x)-u°°(t,x)| = |w'^(t,x')-w~(t,x')|+of— ") , 

with bounds that depend on |w°^(a;')| and \V yw'^ {x')\. Therefore, an argument 
similar to that of the proof of Theorem 14 . 5 1 above gives: 



(4.34) 



||u'"(i) - \i°^{t)\\L2,jj) -^ 0, for all < i < T, 

||Vu^-Vu°°||i2(0,T;L2(C/)) ^0, 

for any cylinder U d Q.of the form 

U = {x = {x\x^) I x'eD, X3 e [0,(5], 5/a -^ 0}. 

(T— >00 

On the other hand, Ixsj/o" is 0(1) in Qf^ . Hence, it seems difficult to obtain any 
convergence estimate of u"^ to u°° globally in 0°^ as a — )■ 00. 

The previous result is not exactly what we aimed at, as it represents a way 
of approximating a general two-dimensional flow by a well-chosen helical flow. 
What we want, instead, is to show that helical flows with large a are nearly two- 
dimensional. This adjustment is expressed in our next result. 

Theorem 4.6. Fix cj > 1 and T > 0. Let Uq G Hq (Q,^) be a divergence-free, 
helical vector field. Let u°^ be the unique, strong helical solution of (12.71 ) on [0, T) 
with initial velocity Uq. There exists a (not necessarily unique) w[^ G H^{D), 
such that, ifu°° is the unique 2^D solution of the Navier-Stokes equations (12.71) 
with initial data u[^(-, X3) = ■w°°o. then for all < t <T, 

||u'^(i, •, X3 = 0) - ^{t, •, X3 = 0)11^2(0) + 

_ 1 (4.35) 

where C is independent of a G [1, 00). 

We use the notation \i°° to emphasize that, while this is a solution of the limit 
problem, it is still dependent on a due to the collection to the initial condition to 
enforce the divergence-free condition. 



Proof. As in the proof of Theorem 14.51 the traces of u"^ and u°° ai^e well defined 
at the level of strong solutions. Furthemiore, as in that theorem we will introduce 
a correction to the initial data Uq to enforce the divergence-free condition on the 
initial data u°°o we take for the limit problem. Let Wq G Hq{D) be associated to 
the helical field u'^ G ifg pg^($7'^) by dZSl ). satisfying dTTT ). Let w'^ be the regular- 
solution of (13.31) with this initial data. 
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Next, let Vq = (uq' , Vq'") G Hq{D) be a solution, given by Lemma l4~n to the 
problem 

divyv^ = — -Ewq'^, (4.36) 



where again E is the differential operator defined in (I2.41 i. such that 

1 T C 

II CT 1 1 ^ /^ II TTi "^lOII ^^11 C7 1 1 /-I 'n\ 

IIvqIIhi < C'-||^^«o lli2(D) < — I|wo||hi(d)- (4-37) 

(T (J 

Its existence is justified exactly as before. 
We then set 

^{x) = ^o{x') := w^(x') - (v^(x'), 0), (4.38) 

which is divergence free by (14.361 ). Let w°° be the solution of (14. 11 1) with ini- 
tial data w°°o- The 2^0 solution of the Navier-Stokes equations is given by 

u°°(t, x) = ■w°°{t,x'). In particular, the trace u°°(i, -jX^ = 0) = u;°°(t, •). 
By Proposition 14.41 estimate (14.35! ) now follows from 

(J 

l|wo - ^^\\l2(d) = l|vo ||l2(d) < ho\\m(D) < — l|wo Ibi(D), (4-39) 

I|w§2||l2(d) < \\<\\l^(D) + hoh^D) <U + -) I|w^||hi(D), (4.40) 

IKWl^d) < \\^o\\m{D) = \K{x3 = 0)\\m{D), (4-41) 
with constants uniform in cr G [1, oo). D 

5. The inviscid case 

In this section we discuss symmetry reduction and the limit o" — )• oo for the 
Euler equations under an additional geometric assumption, considered already in 
||5l|6l. This assumption can be viewed as the analog of the no-swirl condition in 
axisymmetric flows and for this reason we will call it the no helical swirl or no 
helical stretching condition. It can be shown that the flow induced by solutions of 
the Euler equations preserves this condition at least when the solution is regular 
enough. Furthermore, vorticity has an especially simple form, being determined 
by its vertical component, which is advected by the flow. This observation allows 
to prove global existence and uniqueness of weak, helical solutions in much the 
same spirit as for solutions to the two-dimensional Euler equations, provided the 
initial velocity is bounded (cf. ||9l.) 

We now briefly review these results, referring the reader to |]5l|6l for more de- 
tails. We will then discuss the limit problem as cr — )■ oo and converge of solu- 
tions. On one hand the limit problem is simpler, being given by the 2D Euler 
equations. In fact, under the no-stretching constraint the symmetry-reduced he- 
lical Euler equations becomes a two-dimensional systems for two components of 
the velocity, which admits a vorticity-stream function formulation (see e.g. fT3|.) 
This system is the analog of the symmetry -reduced equations (13.3! ) for the Navier- 
Stokes. On the other hand, to circumvent the lack of smoothing in the equations for 
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positive time we will use compactness arguments to pass to the limit in a, which 
do not provide a rate of convergence. 

For ease of notation, we temporarily suppress the explicit cr-dependence of solu- 
tions and write u for u"^ for example. We assume for now that u and p are smooth, 
so that all the manipulations to follow are justified. 

Given that smooth, helical vector fields and functions are a periodic by Proposi- 
tion IJT] we state the initial-boundary-value problem for the Euler equations in the 
fundamental domain ^": 





dtu+ (u- V)u = -Vp, 


in (0, +00) X n^"; 






div u = 0, 


in [0, +00) X Q""; 






u{t,x',X3) ■ x' = 0, 


fort G [0,+oo), 


\x'\ = 1, 0< X3 < 0- 


< 


u{t,x',0) = u{t,x',a) 


fori G [0,+oo), 


x' £D; 




p{t,x',0) =p{t,x',a) 


forte [0,+oo), 


x' eD; 




u(0,x) = uo, 


xen^", 




where again x = {x' , X3) and x' 


= (2;i,X2). 




Let 








$, ■■= (x2,- 


0" \ 1 


a 



(5.1) 



(5.2) 

We will consider flows satisfying the following no-helical-swirl or stretching con- 
dition: 

u • ^ = 0. (5.3) 

This condition is preserved by smooth flows under the time evolution governed by 
the Euler equations. 

There are several consequences of this condition. Firstly, the vertical component 
U3 of the velocity field u is computed from the other two components, i.e., the 
dynamics is planar. Secondly, the vorticity cj = curl^-u is given by 

27r 
cj(t,x) = — uj{t,x)$, uj:=uj^, (5.4) 

a 

where lj'^ is the component of the vorticity along the axis of the cylinder Q. Fur- 
themiore, to is advected by the flow u: 

dtU} + u-Voj = 0. (5.5) 

To derive the symmetry-reduced equations, we recall that w(t, y) = u(t, y, 0) 
from Proposition 12. II given that the matrices M and m becomes the identity matrix 
for 3:3 = 0. Consequently, 

ro(t, y) := uj{t, y, 0) = -VJwH{t, y) = curl^^w/f (t, y). (5.6) 

Above, to avoid introducing further notation, we have abused notation slightly and 
identified (w^, w'^) with w/^ = {w^ ,11]^ ,Qi), where w^, w"^ are the horizontal com- 
ponents of w with respect to the standard Cartesian frame in M^. 

While Wff is not divergence free in view of (|3.3b| ). one observes that a divergence- 
free 2D flow can be constructed from w under the no-helical-swirl condition, which 
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therefore admits a stream function ^ on D. This stream function satisfies: 



47r^ 



47r^ 



We define the following matrix: 

47r2 



-yiy2 w'^ + 



w 



An' 



+ yl 



i^ + yt 

w^ - yiy2 w' 



(5.7) 



An-" 



+ yl 
-yiy2 



i-K' 



-yiy2 

n 



(5.8) 



and rewrite as 

V^i; = H{y)^H. 
A direct calculation, as in O, then shows that 

curl wj:/ = divK(y) Vmil), with 



K{v) :-- 



divK{y) Vyi;, 
1 



47r' 



yiy2 



yiy2 
+ yl 



Ait' 



(5.9) 



j^ ^ \y\ 
From ( |5^ and (15^ . it follows that 

w = Cu'tp, 
where the operator Ch is defined by: 

CH:=dxyy{K[y)Vy) 

It is not difficult to show that Ch is a second-order, scalar, strongly elliptic operator. 
Consequently, V'^Ch is a singular integral. 

Next, calculus inequalities show that the transport equation (15.51) for u reduces 
by helical symmetry (i.e., using the correspondence in Proposition 12. II ) to the fol- 
lowing equation for to on (0, T) x D: 



(5.10) 



4^2 
dtvj + WH ■ VyW H 5-(y 



•wh)Ew = 0, 



where E is again the operator given in (I2.41 i. Using (I5.91 l. we can rewrite this 
equation as an equation for w and ip only (cf. [S] Lemma 2.17].) Furthermore, we 
can choose Dirichlet boundary conditions for ^ from the no-penetration condition 
for u as in Corollary 2.16 of Ii6|. Therefore, under the no-helical swirl condition 
and for sufficiently regular solutions, the initial-boundary-value (15.11 ) for the Euler 
equations is equivalent to the following symmetry-reduced system: 



dy^lpdy^W = 0, 



dt-dj + dy^%l)dy^vD 
vj = Ch'>P, 
ip{0,y) =ipo{y), 

IpldD = 0, 

Since (15. Hal ) is a transport equation by the divergence-free vector field Vyip , the 
L°° norm of the reduced vorticity w is presei"ved under the flow. By (|5.4| i and 
Proposition 12.11 the vorticity u = curl^jU is preserved under the flow induced by 



y€D,0<t<T, 
yeD,0<t<T, 

y^D, 

yeD. 



(5.11a) 



(5.11b) 
(5.11c) 
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u. By the Beale-Kato-Maja criterion ( see e.g. fTSJ ) then, smooth hehcal solutions 
of (15.11) ai^e global in time and agree with weak solutions with the same initial data. 
We next discuss weak solution. Given ijjq G Hq {D)r\H'^ (D), we call a function 
ip e L^{[0, T); Hi (D) n H'^{D)) a weak solution of the above system on [0, T) 
with initial data -^o if. for all test function cj) G C'^CiO, T) x D), ip satisfies: 

£H'ilJo4>{0)dy - / / CHi^dt(t)dydt+ / / dy^ipCni^dy^clidy dt 
D Jo Jd Jo Jd 

dy^ Cui^ dy2 (j)dy dt = 0. 



ID 

(5.12) 
Ettinger and Titi IH proved that there exists a unique weak solution on [0, T), for 
all T > 0, provided in addition Cni^o £ L°°{D). In this case the solution satisfies 
CHi^GL°°{{0,T)xD). 

While there is an existence theory for weak solutions of the Euler equation in 
three dimensions ||4l[l7l, we will give here a definition of weak solution to (15.1b 
adapted to the geometry of the problem and amenable to the analysis of the limit 
cr — )• oo (for further discussion on the uniqueness of helical weak solutions, we 
refer the reader to lH].) Let tp be the unique weak solution of (15.111 ) with initial 
condition Vo G Hl{D) n H'^{D) such that Ch^^o G L°°{D). Let w = {wh, w^), 
where -wh is given in ( 15.91 ) and w^ is obtained from wh via (15.3b as 

3 2^ j_ 
w = — y ■ WH- 
a 

Let u be defined from w by (12.8b . We will call u a weak, helical solution of (15.11 ). 

This definition is justified in view of the following proposition. 

Proposition 5.1. Let {V'o.n} be a sequence of functions converging to tpQ E Hl{D)ri 
H'^{D). Let ijjn be the smooth sohition of (I5.11ab with initial data ijjo.n- Then, ipn 
converges uniformly on [{),T) x D) to ip the unique weak solution of (15.111 ). 

The proof is contained in ||6l. We recall it briefly. 

Proof The sequence {ipn] is uniformly bounded in Li([0, T); Hl{D) n H'^{D)) 
and Ch'4' is uniformly bounded in L°°([0, T) x D). Recall that the equation for 
Wn = Cnipn is a transport equation by Vyt/jn, which is divergence free. Since 
didjCu is a Calderon-Zygmund singular integral, { V^ Vn} is bounded in the space 
LLip of Log-Lipschitz vector fields. Hence, the family {X„}, where X„ is the flow 
generated by V-^ipn is equicontinuous and hence, upon possibly passing to subse- 
quences, Wn converges strongly in L^((0, T) x D) and Vyipn converges uniformly 
to Vytpn- In particular, ipn converges uniformly to ip. These convergence results 
are enough to pass to the limit in the weak formulation (15.121 ) (cf. |[T3l Section 
8.2.2].) The limit lim„_^oo V'n rnust necessarily agree with ip by uniqueness of the 
solution, so the whole sequence converges to tp. D 

This result also implies that, if ^(0) G L°°{D), then w{t,x) = zu{X~^{t,x), 
where X is the flow generated by V^tp, is the (unique) weak solution of (15.111 ). 
hence all its L^ norms are constant in time. 



yeD,0<t<T, 


(5.13a) 


y£D,0<t<T, 




y(^D, 


(5.13b) 


yeD. 


(5.13c) 
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We next discuss the limit o" — )• oo. We reinstate the explicit dependence on a, 
and write for example u'^ for the solution of (15. lb . u^ for cur^u"^ and so on. We 
denote the corresponding quantities in the limit by u°°, u}°° and so on. 

Formally taking the limit o" — )• oo in (15.31 ) gives u°°'^ = and, hence, u°° = 
u^. Furthermore, u°° becomes independent of the X3 variable, so that 

u°°(x) = w°°(x')=w^(x') 

is divergence-free as a vector field on D. Also, the matrix K"^ approaches the 
identity matrix in the limit, so that C^ is simply the Laplace operator, tp°° is the 
stream functions associated to u^, and w°°{x') = uj°°{x) = curl^./u^(x). In 
particular, (15.1 lal i becomes the vorticity-stream function formulation of the 2D 
Euler equations. We conclude that, at least formally, helical solutions to the 3D 
Euler equations become planar 2D solutions of the Euler equations as o" — )■ 00. 
We explicitly state the limit problem: 

V'°°|SD = 0, 

Below we will study convergence of the corresponding stream functions ip"' — )• 
ip°° as cr —;• CX3. Since the uniqueness and regularity of weak solutions depends on 
an L°° control on the vorticity, we will prescribe the initial vorticity vjq indepen- 
dent of (T, i.e., 

zu^ = Wq = zuq € L°°[D). 
This choice n can be relaxed by taking a sequence zuq converging to zuq strongly 
in L°°{D). We then obtain an initial condition for the stream function, Vq, that 
is cj-dependent. We choose the initial data for the stream function as the unique 
solution in Hq{D) of the following problems, respectively: 

Lfj% = mo- 

By elliptic regularity, ^[f , ipQ G VF^.p ^qj. all 1 < p < co. 

Next we will derive uniform bounds in a on the VF^'^ norm of ip'^ and then use 
compactness arguments to pass to the limit. It is well known that, under the condi- 
tion that the initial vorticity wq is bounded, solutions to the 2D Euler equations are 
global in time and unique 10. Therefore, it will be enough to establish convergence 
along subsequences. 

Lemma 5.2. Let 1 < p < oo be fixed. Then, there exists a constant Cp > such 
that, for all a > 1 and for all f G W'^'P{D), 

\\^Hf\\LP{D) < Cp\\f\\w^:P{D)- (5.15) 

Moreover, there exists a ao > 1 and a constant Cp > 0, independent of a £ 
[o"o, oo) such that 

\w^,p{D) < Cp \\CHf\\LP{D)- (5.16) 
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Proof. We observe that we can write the matrix K'^ = I2 + F'^, where I2 is the 
2 X 2-identity matrix and 



F'^iy) ^ 



I _^ 47r2|^p 






^T^ yj ^n^yiyi 
„i — ^3 — 



We have: 



II-^'^IIl°°(d) < Ci — , ||Vj,F'^||ioo(£)) < C2 — , (5.17) 

for some constants Ci, C2 independent of a. The bound (15.151 ) then follows im- 
mediately. 

To establish (15.16b . we write 

Ayf = Cnf - F%y) : V^ - {diVyF^y)) ■ Vyf, 

so that from elliptic regularity for the Poisson's problem for 1 < p < c», Holder's 
inequality and (15.171 ): 

||/||h/2,p < C; WCnfUr' + \\F^ : V^/IIlp + ||div,F'^ • V,/||lp 
or equivalently: 



< c; WCnfUr' + Ci j^WvlfWLP + C2 j^WVyfWLP, 



[I - (Ci + C2)/a^)\\f\\w^^. < C; ||£,,/||l.. 



So, the result follows provided we choose ctq > l/\/(C'i + C'2)- D 

We now state and prove our convergence result for the Euler equations. We 
recall that the only difference between the equations at a finite and in the limit 
is the equation expressing the relationship between the vorticity and the stream 
function. 

Theorem 5.3. Let wq G L°^{D). Let V'o and V'(f be given by ( 15.141) . Let tj:" 
be the unique weak solution of ( 15.111 ) with initial data i/^g . Let -0°° be the unique 
weak solution of ( 15.131 ) with initial data ipQ^. Then, 'ijj'^ converges to ip weakly in 

Proof. Since the initial vorticity zuq G L°°{D), V-^tp'^ G LLip(D) with abound 
on the Log-Lipschitz norm that is uniform in cr for o" G [1, 00) by ( 15.171) . There- 
fore, we have a uniform bound on w'^ in L°°{[0, T) x D), thanks to the transport 
equation ( 15.1 lab . In turn by ( 15.161 ). this bound implies a bound on the family {ip"} 
of weak solutions of (15.11b in all spaces L°°([0,T); W'^'^), I < p < 00 that is 
uniform in o" > do for ctq large enough. 

Next, we recall the following a priori bound for weak solutions of (15.111 ) (se lH 
Lemma 4.2]): 

l|5fV''^||Loo([0,T);Vyi.P(D)) < C'pII^hV''^IIl°°((0,T)xD) IIV''^ llL°°([0,T);Tyl.P) i 

where Cp is independent of a for a large enough as in Lemma 15.21 Therefore, 
{ijj"} is uniformly bounded in Lip([0, T); W^'^{D)). By the Aubin compactness 
theorem (see e.g. Il3j Lemma 8.4]) then, there is a sequence l^*^"} that converges 
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Strongly in L°°{[0, T); W^''^) to a function tp^". Upon passing to a subsequence if 
necessaiy, one can assume also that w'^" converges weakly-* in L°°([0, T) x D) 
to a function vj°° from the uniform bound obtained above. It remains to show that 
TO°° = AiIj°° in L^{D). This resuh follows from the identity w'^ = CrV, valid 
for all a, and (15.171 ). by writing again K'^ = I2 + F" ■ 

As in the proof of Proposition 5.8 in ||6], these convergence results are sufficient 
to show that ip°° and w°° satisfy the weak formulation of the limit problem (I5.13l l. 
But weak solutions of the 2D Euler equations are unique if the vorticity is bounded, 
hence any converging sequence of {V''^} must converge to V'°°- D 

Acknowledgments 

M. L. F. and H. N. L. wish to thank the University of California at Riverside, 
where part of this work was conducted, for their hospitality. M. L. F. is partially 
supported by Brazil CNPq grant 303089/2010-5, and CNPq fellowship 200434/201 1- 
0. H. N. L. is partially supported by Brazil CNPq grant 306331/2010-1, CAPES 
fellowship 6649/10-6, and FAPERJ grant E-26/103. 197/2012. A. M. would hke to 
thank the Institute of Mathematics at the Federal University in Rio de Janeiro for 
their hospitality and support. A. M.'s work is partially supported by the US Na- 
tional Science Foundation grants DMS- 10097 13 and DMS- 10097 14. D. N.'s work 
is partially supported by the Chinese National Youth grant 1 1001 184. The work of 
E. S. T. was supported in part by the Minerva Stiftung/Foundation, and the National 
Science Foundation grants DMS-1009950, DMS-1 109640 and DMS-1 109645. 

References 

1. C. Bardos, M. C. Lopes Filho, D. Niu, H. J. Nussenzveig Lopes, and E. S. Titi, Stability of two- 
dimensional viscous incompressible flows under three-dimensional perturbations and inviscid 
symmetry breaking, to appear in SIAM J. Math. Anal., ArXiv Preprint 1201.2742v2. 

2. S. Childress, M. Landman, and H. Strauss, Steady motion with helical symmetry at large 
Reynolds number. Topological fluid mechanics (Cambridge, 1989), Cambridge Univ. Press, 
Cambridge, 1990, pp. 216-224. MR 1093923 

3. P. Constantin and C. Foias, Navier-Stokes equations, Chicago Lectures in Mathematics, Univer- 
sity of Chicago Press, Chicago, IL, 1988. MR 972259 (90b:35190) 

4. C. De Lellis and L. Szekelyhidi, Jr., The Euler equations as a differential inclusion, Ann. of 
Math. (2) 170 (2009), no. 3, 1417-1436. MR 2600877 (2011e:35287) 

5. A. Dutrifoy, Existence globale en temps de solutions helicoidales des equations d'Euler, C. R. 
Acad. Sci. Paris Ser. I Math. 329 (1999), no. 7, 653-656. MR 1717127 (2000f:76011) 

6. B. Ettinger and E. S. Titi, Global existence and uniqueness of weak solutions of three- 
dimensional Euler equations with helical symmetry in the absence of vorticity stretching, SIAM 
J. Math. Anal. 41 (2009), no. 1, 269-296. MR 2505860 (2011c:35445) 

7. G. P. Galdi, An introduction to the mathematical theory of the Navier-Stokes equations. Vol. I, 
Springer Tracts in Natural Philosophy, vol. 38, Springer- Verlag, New York, 1994, Linearized 
steady problems. MR 1284205 (95i:35216a) 

8. D. Iftimie and G. Raugel, Some results on the Navier-Stokes equations in thin 3D domains, J. 
Differential Equations 169 (2001), no. 2, 281-331, Special issue in celebration of Jack K. Hale's 
70th birthday. Part 4 (Atlanta, GA/Lisbon, 1998). MR 1808469 (2001m:35254) 

9. V. I. Judovic, N on- stationary flows of an ideal incompressible fluid, Z. Vycisl. Mat. i Mat. Fiz. 3 
(1963), 1032-1066. MR 0158189 (28 #1415) 



30 M.C. LOPES FILHO ET AL. 

10. O. A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow. Second English 
edition, revised and enlarged. Translated from the Russian by Richard A. Silverman and John 
Chu. Mathematics and its Applications, Vol. 2, Gordon and Breach Science Publishers, New 
York, 1969. MR 0254401 (40 #7610) 

11. E. H. Lieb and M. Loss, Analysis, second ed.. Graduate Studies in Mathematics, vol. 14, Amer- 
ican Mathematical Society, Providence, RI, 2001. MR 1817225 (20011:00001) 

12. A. Mahalov, E. S. Titi, and S. Leibovich, Invariant helical subspaces for the Navier-Stokes 
equations. Arch. Rational Mech. Anal. 112 (1990), no. 3, 193-222. MR 1076072 (91h:35252) 

13. A. J. Majda and A. L. Bertozzi, Vorticity and incompressible flow, Cambridge Texts in Ap- 
plied Mathematics, vol. 27, Cambridge University Press, Cambridge, 2002. MR 1867882 
(2003a:76002) 

14. H. Sohr, The Navier-Stokes equations, Birkhauser Advanced Texts: Basler Lehrbiicher. 
[Birkhauser Advanced Texts: Basel Textbooks], Birkhauser Verlag, Basel, 2001, An elemen- 
tary functional analytic approach. MR 1928881 (2004b:35265) 

15. M. E. Taylor, Partial differential equations III. Nonlinear equations, second ed.. Applied Math- 
ematical Sciences, vol. 117, Springer, New York, 2011. MR 2744149 (2011m:35003) 

16. R. Temam, Navier-Stokes equations, AMS Chelsea Publishing, Providence, RI, 2001, Theory 
and numerical analysis. Reprint of the 1984 edition. MR 1846644 (2002j:76001) 

17. E. Wiedemann, Existence of weak solutions for the incompressible Elder equations, Ann. Inst. 
H. Poincare Anal. Non Lineaire 28 (2011), no. 5, 727-730. MR 2838398 (2012h:35270) 

(M.C. Lopes Filho) MATHEMATICS INSTITUTE,, FEDERAL UNIVERSITY OF RiO DE JANEIRO,, 

P.O. Box 68530, 21941-909 Rio DE Janeiro, RJ, Brazil 
E-mail address: mlopes@im.ufrj .br 

(A.L. Mazzucato) DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY, UNIVERSITY 

Park, PA, 16801, U.S.A. 

E-mail address: alm2 4@psu.edu 

(D. Niu) School of Mathematical Sciences, Capital Normal University, Beijing 
100048, R R. China 

E-mail address: niuniud jSgmail . com 

(H.J. Nussenzveig Lopes) MATHEMATICS INSTITUTE,, FEDERAL University of Rio de 
Janeiro,, P.O. Box 68530, 21941-909 Rio de Janeiro, RJ, Brazil 
E-mail address: hlopes@im.ufrj .br 

(E.S. Titi) Department of Computer Science and Applied Mathematics, Weizmann 
Institute of Science, Rehovot 76100, Israel, and. Department of Mathematics, 
AND Department of Mechanical and Aerospace Engineering, University of Cali- 
fornia, Irvine, CA 92697-3875, USA. 

E-mail address: etiti@math.uci.edu, edriss.titi@weizmann.ac.il 



